Abstract With betatron oscillation characteristics of the electron beam and ion channel effect taken into account, dispersion characteristics of electrostatic modes and TM modes for a relativistic electron beam guided by ion channel are studied. Dispersion relations are derived and solved numerically to investigate the dependence of the dispersion characteristics for electrostatic modes and TM modes on the betatron oscillation frequency and the ratio of the relativistic electron beam radius to the waveguide radius. The effects of the boundary current on the dispersion characteristic of the TM modes and the interaction between the betatron modes and TM modes are analyzed. When considering the boundary current, for a strong ion channel, a new low-frequency branch of the TM modes arises and the interaction frequency between the betatron modes and the TM01 modes is increased with the same parameters.
Introduction
Plasma loaded waveguide has a variety of applications, which include amplifiers [1] , oscillators [2, 3] , charged particle accelerators [4, 5] and high power sources of electromagnetic (EM) radiation [6−8] . These applications largely depended on the EM dispersion characteristics and interaction mechanisms of the relativistic electron beam (REB) interaction with plasma in a waveguide. Usually, a uniform static axial magnetic field is applied for focusing and guiding the REB transport [9] . Recently, ion channel guiding as a novel focusing mechanism has been proposed and it has been applied in an accelerator and free electron laser (FEL) successfully [10] . As the beam is injected into a preformed plasma column, plasma electrons are expelled by space charge fields and the beam electrons are attracted to the positive-ion core, which is called an ion channel. Based on the ion channel guiding and focusing effects, it can reduce or even eliminate the need for a guiding magnetic field. Liu Shenggang and Robert J. Barker first analyzed EM eigenmodes of a REB guided by an ion channel in a cylindrical plasma waveguide with the betatron oscillation characteristics of the REB being neglected [11] . Electrostatic (ES) and EM eigenmodes of a cylindrical metallic waveguide partially filled with a relativistic electron beam, and guided with an ion channel are investigated by M. H. Rouhani and B. Maraghechi [12] . More recently, F. M. Aghamir and Hamid Almasi extended the research of dispersion characteristics of ES and EM modes to an annular electron beam and revealed the strong dependence of the EM and ES wave frequencies on the electron beam thickness [13] . However, these studies mainly focused on the ion channel of short-pulsed electron beam (τ << τ p , τ is the pulse width of the REB, τ p =1/ω p is the response time for plasma) and few considerations are given to the effects of the boundary oscillating current. This is valid as the plasma electrons are expelled by the injected electron beam failing to form current oscillation around the periphery of the ion channel in this case, and it can be treated as a quasi-neutral boundary. However, for a long-pulsed electron beam (τ > τ p ), the expelled electron of the plasma will oscillate and form a perturbation charge boundary under the forces of high frequency fields. This boundary perturbation current may have some influences on the EM dispersion characteristics and interactions in the system and needs to be considered.
The purpose of this paper is to investigate the dispersion characteristics of the ES modes and the TM modes, and the effects of the boundary current on TM modes dispersion characteristics and interactions between TM modes and ES modes. In order to make a compari-son, the dispersion relations of the TM modes with or without the boundary current taken into account are derived and solved numerically to study the influences.
The rest of this paper is organized as follows. In section 2, basic equations are introduced with the self fields and the REB betatron oscillation characteristics are taken into accounted. In section 3, the electrostatic treatment is presented and the dispersion relation for the betatron and space-charge modes is found. Then, the EM treatment is used to derive the dispersion relation for the TM modes and both of the cases of the boundary perturbation current being considered or not are given. In section 5, a numerical study of azimuthally symmetric eigenmodes is given. The dependences of the dispersion characteristic on the ratio of the REB radius to waveguide radius and betatron oscillation frequency are investigated in detail. The effects of the boundary current on TM modes dispersion characteristics and interactions between TM modes and ES modes are also obtained by a comparison. In section 6, the concluding remarks are made.
Governing equations
A relativistic and cold electron beam with an initial velocity v b0z is injected into a plasma loaded cylindrical waveguide and the incident direction of the REB is along with the waveguide axis. The radii of REB, ion channel and cylindrical waveguide are a, b, and R, respectively. The specific structure is shown in Fig. 1 . Assuming an ion channel has formed in the plasma, which means n b /γ 2 ≤ n p < n b , n b and n p are the density of the REB and background plasma respectively, γ = 1/ 1 − (v b0z /c) 2 is the relativistic factor of the REB in the lab frame. In the radial direction, the forces on the REB include the focusing force f 1 of the positive ions, the REB its own space charge f 2 , and the Lorentz force f 3 generated by the REB current. Under the three forces the REB will do betatron oscillation in the ion channel. In the lab frame by using a cylindrical coordinate system (r, θ, z) with the beam and waveguide axes taken as the z axis, the radial oscillation equation can be written as [14] 
Here m e is the rest mass of an electron, e is the unit charge, v b0z is the initial velocity of the REB along with the z axis. The solution of Eq. (1) is r b = r 0 cos(ω i t/ √ 2γ), and r 0 is the displacement relative to the central axis at the initial time, and ω i = (n p − n b /γ 2 )e 2 /ε 0 m e is the betatron frequency in the lab frame. Given all of the physical quantities can be expressed in the form of f =f 0 +f 1 , f 0 is the steady-state quantity,
is the perturbation and f 0 >> f 1 , the electron beam motion equations can be written as
Here, electron position vector r =r b0 +r 1 , r b0 and r 1 are the displacements caused by the betatron oscillation and the high frequency fields E 1 , B 1 , respectively. The subscript "⊥" represents the transverse component, the subscript "z" represents the longitudinal component. If using paraxial approximation for the REB in an ionchannel, it means that, without disturbances, all of the electrons in the ion channel are approximately at the central axis in this system. Based on this assumption, both of the disturbances caused by the betatron oscillation and high-frequency fields can be treated as a perturbation, i.e. r is the total perturbation. After linearzing Eqs. (2) and (3), the perturbed equation for the motion of the REB can be expressed as
In the beam frame, Eq. (4) can be rewritten as
where
/m e ε 0 , and n b b0 = n b /γ is the electron density in the beam frame.
The linearized continuity equation in the beam frame is
Here the unperturbed density of electron beam n b b0 is assumed to be constant, and n b1 is the perturbed density of electron beam in the beam frame.
3 Derivation of dispersion relations
Electrostatic wave dispersion relation
The space charge and betatron waves are investigated through electrostatic treatment. The Poisson equation is
and the linearized continuity equation in the beam frame is
Using v ⊥ =dr/dt=−jωr, Eq. (5) can rewritten as
Taking advantage of Eqs. (7)- (9), we can get the Helmholtz equation inside the beam
. Outside the beam we
Appropriate solutions for Eqs. (10) and (11) are of the formφ
where l is an integer, J l is the Bessel function of the first kind of order l, and I l and K l are modified Bessel functions.
Meanwhile, the electrostatic potential must satisfy the boundary conditions. The electrostatic potential is finite at the origin, becomes zero on the metallic wall of the waveguide and should be continuous at r = a [15] . Moreover, the radial component of a total current must be continuous at r = a. The latter condition is derived as follows. From Eqs. (7) and (8), we can obtain
and Eq. (14) can be rewritten as
By integrating this equation over the volume of a small pillbox and applying Gauss's theorem, we can see that the radial component of the total current density, en b b0 v 1r − jωε 0 ∂φ/∂r must be continuous at r = a. Therefore, there are three equations for three unknown coefficients. The necessary and sufficient condition for a nontrivial solution is obtained by equating the determinant of coefficients to zero. We can obtain the dispersion relation for electrostatic space-charge and betatron waves as follows [12] J
Dots on the Bessel functions denote the derivative with respect to the argument. If the waveguide is completely filled with the REB, Eq. (16) will reduce to
Where P ln is the n th zero of the Bessel function of the first kind. The cutoff frequency of the betatron modes can be obtained from Eq. (17) for the completely filled case
TM modes dispersion relation
Linearized Maxwell's equations can be written as
Transverse components of the EM fields can be expressed in terms of longitudinal components. By using Eqs. (5), (6) and linearized Maxwell's equations, we can obtain 
and
Taking the natural boundary condition into account, the solution for Eq. (25) is
Since the ion channel region II can be treated as a vacuum for high frequency EM wave, the solution of the wave equation can be expressed as
z , and N l is the Bessel function of the second kind of order l.
For the plasma region, the background plasma can be treated as a moving plasma column with a velocity v b0z along with counter-z direction. The dielectric tensor of this plasma in the beam frame can be expressed as follows [15] 
Here
(ω+kzv b0z )
2 ω 2 . Then, we can get the wave equation in the plasma region III ∇
If the REB is a short-pulse electron beam and the boundary perturbation current can be neglected, then the periphery of the ion channel can be treated as a quasi-neutral boundary and the boundary conditions for the electromagnetic field should be satisfied as follows
which will yield five equations for five unknown coefficients c 1 , c 2 , c 3 , c 4 , and c 5 . The necessary and sufficient condition for a nontrivial solution is obtained by equating the determinant of coefficients to zero. We can obtain the TM mode dispersion relation as follows
(pc, pb)B(τ b, τ a) − C(τ b, τ a)A(pc, pb) B(τ a, τ b)A(pc, pb) − A 2 B(pc, pb)A(τ a, τ b) .
(32)
, J l and N l denote derivatives with respect to their arguments.
In the lab frame, ion channel radius can be written as r = a n b /n p and the ion channel radius will increase with the REB radius or decrease with the neutralizing factor f = n p /n b [17, 18] . If the waveguide is completely filled with the ion channel, the dispersion relation can be rewritten as [12] J
For the most special case of the waveguide being completely filled with the REB, the dispersion relation will reduce to
Where P ln is the n th zero of the Bessel function of the first kind and of order l. For this completely filled case, the cutoff frequency for the TM mode can be obtained from Eq. (34) as follows
For a long-pulsed electron beam (τ > τ p ), the expelled electron of the plasma will oscillate and form a perturbation charge boundary under the forces of high frequency fields. If applying the Gauss's theorem on the interface between the REB and ion channel, the boundary condition on this interface can be obtained
The rest of the boundary conditions are the same as the case of a short-pulsed electron beam. Similar to the above derivation, we can get the TM modes dispersion relation with the boundary current being taken into account as follows
(pc, pb)B(τ b, τ a) − C(τ b, τ a)A(pc, pb) B(τ a, τ b)A(pc, pb) − A 2 B(pc, pb)A(τ a, τ b) . (37)

Numerical results
A numerical computation is conducted to investigate the dispersion characteristics of the azimuthally symmetric electrostatic modes, i.e, the space-charge, betatron modes and the TM modes. The simultaneous solution of Eq. (16) is used for the electrostatic treatment of the space-charge and betatron modes. For the TM modes, Eq. (31) and Eq. (36) represent the cases of the whether boundary current is considered or not, respectively. After that, the influences of the boundary current on the dispersion characteristics of the TM 01 mode and the interaction between the electrostatic modes and TM 01 modes are discussed. The radius of waveguide R is taken to be R = 2 mm, and normalized electron beam frequency Rω b /c is taken as Rω b /c = 1.2, which corresponds to ω b =1.8×10 11 rad/s and the electron density is n b0 =1.033×10
13 cm −3 in the beam frame. In order to study the dispersion characteristics of the electrostatic modes and TM 01 modes under different betatron oscillation parameters, according to whether the betatron oscillation frequency is greater than the REB frequency or not, the ion channel can be divided into strong and weak ion channels [16, 17] . For a strong ion channel, the space charge effect of the REB is greater than betatron oscillation and betatron frequency is larger than the REB frequency, which means ω i > ω b , or in other words,
For a weak ion channel, the betatron frequency is smaller than the REB frequency, which means
The dispersion curves of the betatron modes and the space-charge modes for a strong ion channel and a weak ion channel are shown in Fig. 2 and Fig. 3 , respectively. For a strong ion channel, the normalized betatron frequency is taken as ω i /ω b =1.1284, which corresponds to ω p /ω b =1.2 and relativistic factor γ=6. It can be seen that in Fig. 2 , when the wave number approaches infinity, the betatron modes Be 01 and the space-charge mode SC 01 approach ω β = γ/2ω i and the beam frequency ω b , respectively. Besides, the betatron mode has the cutoff frequency ω H = ω 2 b + γω 2 i /2. For a weak ion channel, the normalized betatron frequency is taken as ω i /ω b =0.8832, which corresponds to ω p /ω b =0.6532 and relativistic factor γ=6. Fig. 3 shows that, the Be 01 mode approaches ω β = γ/2ω i asymptotically at a large wave number and the SC 01 mode approaches the beam frequency ω = ω b . Compared with the case of a strong ion channel, the roles of Be 01 and SC 01 modes are exchanged. If the electron beam is a short-pulse REB and the boundary current is neglected, the dependence of the TM 01 dispersion curves on the betatron oscillation frequency is shown in Fig. 4 . We can see that the TM 01 modes shift toward higher frequencies with increasing the normalized betatron oscillation frequency. The effects of the ratio of the REB radius a to waveguide radius R on the frequencies of TM 01 modes for strong and weak ion channels are illustrated in Fig. 5 . The normalized wave number is kc/ω b =3, the relativistic factor is γ=4. ω i /ω b =1.0909, and ω i /ω b =0.3317 correspond to strong and weak ion channels respectively. Given the other parameters as constants, the ion channel radius will increase gradually with the REB radius. In this case, for a strong ion channel, 0< a/R ≤0. 6 0.6< a/R <1 correspond to cases where the waveguide is partially and completely filled with an ion channel, respectively. For a weak ion channel, 0< a/R ≤0.3 and 0.3< a/R <1 correspond to cases where the waveguide is partially and completely filled with an ion channel, respectively. a/R = 1 represents cases where the waveguide is completely filled with the REB. If the waveguide is partially filled with the ion channel, the frequencies of TM 01 modes for a strong and weak ion channel are shifted down with the increasing the REB radius. This is opposite to the case of where the waveguide is completely filled with the ion channel and the frequencies for the TM 01 modes will shift toward higher frequencies with the increasing of the REB radius.
Figs. 6 and 7 show the interaction between the electrostatic modes and the TM 01 modes for a weak ion channel and a strong ion channel with the boundary current not considered. For the weak ion channel case, as the cutoff frequency of the TM 01 modes is higher than the electrostatic modes, i.e, betatron mode and space-charge mode, we can see that there is no interaction between them. However, for the strong ion channel case, the TM 01 modes may interact with the betatron mode. As betatron modes are backward waves with a negative group velocity, the interaction between the betatron modes and the TM 01 modes may be absolutely unstable. This absolute instability can be used to generate high-power microwave radiation. The influences of the boundary current on the dispersion characteristics of the TM 01 modes and the interaction between the betatron modes and the TM 01 modes are illustrated in Figs. 8 and 9 , respectively. For the long-pulsed REB case with the boundary current being taken into account, there are two branches for the TM 01 modes. Compared with the case of a shortpulse REB with the boundary current not being considered, a new low-frequency branch arises in the strong ion channel case. This low-frequency branch is also a backward wave with a negative group velocity and its behavior is similar to the betatron modes. Besides, the behavior of the high-frequency branch is similar to the TM 01 mode for the case of short-pulse REB, but it has higher frequencies. As it shows in Fig. 9 , the interaction frequency between the TM 01 modes and the betatron mode increased after considering the boundary current and the interaction still only occurs between the TM 01 modes and the betatron modes. Fig.9 The effect of the boundary current on the interaction between the betatron mode and the TM01 mode for a strong ion channel. The blue solid line shows the two branches of the TM01 mode for the long-pulse REB with the boundary current taken into account. Rω b /c = 1.2 and γ = 6
Conclusion
In this paper, an analysis of the ES modes and the TM modes for a relativistic electron beam guided by the ion channel in a plasma waveguide is presented. The dispersion relations for the ES modes and the TM modes are derived. Three families symmetric eigenmodes, i.e, betatron modes, space-charge modes and TM modes are studied. The effects of the boundary current on the dispersion characteristics of the TM modes and the interactions between the ES modes and the TM modes are also discussed. For a strong ion channel, a numerical study of the dispersion curves of the ES eigenmodes reveals the betatron mode has cutoff frequency ω H = ω 2 b + γω 2 i /2. With the wave number approaching infinity the betatron mode Be 01 and the space-charge mode SC 01 approach ω β = γ/2ω i and the beam frequency, respectively. For a weak ion channel, the roles of Be 01 and SC 01 modes are exchanged. The boundary current has significant influences on the TM mode dispersion characteristics and the interaction between the ES modes and the TM modes. After considering the boundary current, a new low-frequency branch arises in the strong ion channel case and the interaction frequency between the betatron modes and the TM 01 modes is increased with the same parameters.
